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1 Power Analysis: Omnibus Tests of Treatment Effects

1.1 Setup and Notation

The primary outcome variable is the number of units of the virtual good chosen by participant 4,
denoted by Y; € {0,1,2,3}. The power analysis is conducted for the primary endpoint Y;; (Round
1 units purchased). For the purpose of power analysis, the outcome is treated as a continuous
variable. All power calculations are conducted for the experimental condition with a single price
level P = 2.50.

While Round 1 purchases constitute the primary endpoint for hypothesis testing and power
calculations, the experimental design includes four rounds of decisions. As secondary outcomes,
we will examine treatment effects across all rounds to assess whether responses evolve over re-
peated decisions. In particular, we will estimate specifications that include round indicators and
treatment-by-round interaction terms to test whether the effectiveness of the probabilistic rebate
conditions changes over time. We will also estimate specifications separately by round. These
analyses complement the primary analysis but are not used for power calculations.

The experimental design includes five treatment arms: no rebate, a sure rebate (100%), and
three probabilistic rebates (50%, 25%, and 10%). In the regression framework, treatment as-
signment is represented using four indicator variables, with one treatment serving as the omitted
reference category. Let T; denote the vector of treatment indicators and X; denote a vector of
pre-specified control variables.

The outcome equation is given by

YVi=a+T/84+ Xy +e, (1)

where ¢; is an idiosyncratic error term E[g;] = 0 and Var(e;) = o2.

Data from a previous experiment corresponding to the same price level yield an estimated

standard deviation of the outcome variable equal to oy = 0.9476. In addition, a regression of Y; on



the full set of control variables only produces a coefficient of determination of Rgontrols = 0.0922.

These values are treated as fixed inputs for all subsequent power calculations.

1.2 Omnibus Test of Treatment Effects Without Controls

We first consider an omnibus test of whether treatment assignment affects the outcome in the

absence of additional covariates. This corresponds to an F-test of the joint null hypothesis

Hy: 1= p2=p3=pP4=0, (2)

where the four coefficients correspond to the treatment indicators included in the regression model
(the no rebate treatment is used as the base).

This hypothesis can equivalently be stated in terms of the coefficient of determination as
Hy: R% = R%, 3)

where R% denotes the R? of the full model including treatment indicators and R%z denotes the R?

of the reduced model. In this specification, the reduced model includes only a constant, implying
R% =0. (4)

Power calculations are conducted for an F-test of the incremental explanatory power attributable
to the treatment indicators. Let
AR? = R% — R% = R%. (5)

We consider a grid of minimally detectable effect sizes in terms of explained variance, with AR? €
{0.01, 0.03, 0.06}.

To aid interpretation, the incremental coefficients of determination considered in the power analysis, AR? €
{0.01, 0.03, 0.06}, are translated into standardized effect sizes using Cohen’s f? metric for multiple linear regression.
In a test comparing a full model to a reduced model, Cohen’s effect size is defined as

fZZR%—R%: AR?
1-R2 1-R2

(6)

where R% is the coefficient of determination of the full model and R% is that of the reduced model. For the omnibus
tests without controls, the reduced model contains only an intercept, implying R% = 0 and R% = AR?. Substituting

each value of AR? yields
0.01

2 2 _ ~
PAR = 001) = -5 ~ 0.010,
oz oo 003
PAR? = 0.03) = 7= ~ 0.03L,
2 2 0.06
(AR = 0.06) = 150 ~ 0.06

For the omnibus tests conditional on controls, the reduced-model coefficient of determination is fixed at R% =
0.0922. The corresponding values of f2 are therefore

0.01 0.01

2 2
AR? =0.01) = -
FART=001) = 1= (0.0922 + 0.01) _ 0.8978

~0.011,



The significance level is fixed at @ = 0.05, corresponding to a Type I error rate of 5%. The
target power is set to 1 — 8 = 0.80, implying a Type II error rate of § = 0.20. The required
total sample size is computed using the noncentral F-distribution associated with the test of joint

significance in a multiple linear regression.

* Globals / constants
local sd 0.9476207
local r2_ctrl 0.0922

* (A) Treatments only: reduced model is constant-only => R2_R = 0
power rsquared O, ntested(4) ncontrol(l) diff(0.01 0.03 0.06) ///
power (0.8) alpha(0.05) parallel

where ntested(4) specifies the four treatment coefficients being jointly tested and ncontrol(1)

indicates that the reduced model includes only an intercept.?

1.2.1 Stata output

Performing iteration ...

Estimated sample size for multiple linear regression
F test for R2 testing subset of coefficients

HO: R2_F = R2_R versus Ha: R2_F != R2_R

e +
| alpha  power N delta R2_R R2_F R2_diff ntested ncontrol |
- e - ittt |
| 05 .8 1,187 .0101 0 .01 .01 1]
| .05 .8 391 .03093 0 .03 .03 4 1
| .05 .8 192 .06383 0 .06 .06 4 1]
2 2 0.03 0.03

AR”=0.03) = = ~ 0.034

i ) 1—(0.0922 +0.03) 0.8778 ’

F2(AR* = 0.06) 0.06 096 0.071.

T 1-(0.0922+0.06)  0.8578

Cohen’s conventional benchmarks for f2 are 0.1% = 0.01 (small), 0.25% = 0.0625 (medium), and 0.4%> = 0.16 (large).
Accordingly, the values implied by the chosen grid of AR? correspond to small/medium effect sizes. The use of
multiple values of AR? in the power analysis is intended to provide a sensitivity range rather than to assert a specific
expected effect size.

2Power calculations using power rsquared are based on the noncentral F distribution for testing linear restrictions
in multiple regression, following Cohen (1988). Consider a regression of y; on k+ u covariates with i.i.d. normal errors.
For a test of a subset of i coefficients, the null hypothesis Ho : Bx+1 = -+ = Br+p = 0 can be equivalently stated
as Hy : R% = R%, where R% and R% denote the coefficients of determination of the full and reduced models,
respectively. The effect size is defined as § = (R% — R%)/(1 — R%). Under the alternative, the corresponding F
statistic follows a noncentral F' distribution with numerator degrees of freedom v1 = p, denominator degrees of
freedom vo = n — Kk — p— 1, and noncentrality parameter A = nd. Power is computed as m =1 — Fy; vy 2 (Fuy,vs,1—a),
where Fy, ,,,x(-) denotes the cumulative noncentral F' distribution. Sample size is obtained by numerically solving
this expression for n given target power and significance level, and the resulting value is rounded up to the nearest
integer.




1.3 Omnibus Test of Treatment Effects With Controls

We next consider an omnibus test of treatment effects conditional on a rich set of pre-specified
control variables. The reduced model includes a constant and the full vector of controls X;, while
the full model additionally includes the four treatment indicators.

The null hypothesis remains
Ho:p1=02=p03=p1=0, (7)

but the explanatory power of the reduced model is no longer zero. Based on pilot data, the
coefficient of determination for the reduced model is fixed at R% = 0.0922. The reduced model
contains 32 parameters, corresponding to one intercept and 31 control variables. Power calculations
are conducted for detecting an incremental increase in explained variance attributable to treatment
assignment of AR? = R% — R% € {0.01, 0.03, 0.06}.

As before, the target power is 0.80 and the significance level is & = 0.05. The required total sam-
ple size is derived from the noncentral F-distribution for testing a subset of regression coefficients
in a multiple linear regression model.

These calculations are implemented in Stata using the following command:

* (B) Treatments + 31 controls: reduced model includes controls only

* R2_R = 0.0922, ncontrol(32) (constant + 31 controls)

power rsquared ‘r2_ctrl’, ntested(4) ncontrol(32) diff(0.01 0.03 0.06) ///
power (0.8) alpha(0.05) parallel

1.3.1 Stata output

Performing iteratiom ...

Estimated sample size for multiple linear regression
F test for R2 testing subset of coefficients
HO: R2_F = R2_R versus Ha: R2_F != R2_R

+- -— -— -— —————————————— +
| alpha  power N delta R2_R R2_F R2_diff ntested ncontrol |
|- -—- -—- ittt |
| .05 .8 1,077 .01114 .0922 .1022 .01 4 32 |
| .05 .8 355 .03418 .0922 L1222 .03 4 32 |
| .05 .8 175 .07077 .0922 .1522 .06 4 32 |
T T +




1.4 Interpretation

In both specifications, the power rsquared command reports the total sample size required to
achieve the specified power for the omnibus F-test of joint treatment significance. These calculations
provide benchmark estimates for the detectability of aggregate treatment effects and serve as a
complement to the pairwise and trend-based power analyses that focus on specific contrasts of

substantive interest.

2 Power Analysis: Primary Pairwise Contrast (Sure vs. 10%)

2.1 Hypothesis testing

The primary confirmatory comparison evaluates whether a sure rebate (treatment 2) produces
different behavior than a low-probability rebate (treatment 5, 10%). Let ps = E[Y; | treat = 2]
denote the mean number of units chosen under the sure rebate and ps = E[Y; | treat = 5] denote

the corresponding mean under the 10% rebate. The primary estimand is the mean difference

0 = po — ps. (8)
The null hypothesis for the primary pairwise test is

Hy:6=0, (9)
against a two-sided alternative Hy : 6 # 0.

2.2 Power Calculation

Power for the primary confirmatory contrast (sure rebate versus 10% probabilistic rebate) is based
on a two-sample test of equality of means. The outcome variable Y; is treated as continuous, and
we assume independent samples and equal variances across the two treatment groups. Let oy
denote the common within-group standard deviation of Y;. Using data from a previous experiment
conducted at the same price level (P = 2.50), we set o = 0.9476.

For a target mean difference § = us — p1, significance level a, and power 1 — 3, a commonly
used large-sample approximation for the required per-group sample size under equal allocation is

given by (Kupper and Hafner, 1989):

2
2(21-a2 + 21-5) 0°
92 ’

n(6) = (10)
where z, denotes the g-quantile of the standard normal distribution. For o = 0.05 and 8 =
0.20, the corresponding quantiles are z;_,/5 = 1.96 and 215 = 0.84. This expression provides
a useful benchmark and serves as an initial approximation. In implementation, however, sample

sizes are computed using the exact two-sided power equation based on the noncentral Student’s ¢



distribution. Under the alternative hypothesis, the test statistic follows a noncentral ¢ distribution
)

oy 2/7’1, ’

Because both v and A depend on the unknown sample size n, the power equation has no closed-

with degrees of freedom v = 2n — 2 and noncentrality parameter \ =

form solution. Required sample sizes are therefore obtained by numerically solving this equation
for n given target power and significance level.

We conduct a sensitivity analysis over minimally detectable mean differences § € {0.15, 0.20, 0.25},
measured in units purchased, with target power 1 — 8 = 0.80 and significance level a = 0.05. These

calculations are implemented in Stata using the power twomeans command as follows:

foreach diff of numlist 0.15 0.20 0.25 {
power twomeans 1.25, diff(‘diff’) sd(‘sd’) power(0.8) alpha(0.05)
}

In this command, the value 1.25 specifies an anchor mean for one group. Although this anchor
corresponds to the mean outcome observed at P = 2.50 in the prior experiment, it does not
affect the required sample size, because power depends on the mean difference § and the standard
deviation oy, not on the absolute level of the group means. The option diff (‘diff’) supplies the
target mean difference §, and sd(¢sd’) supplies the estimate 7y .

Using gy = 0.9476, target power 1 — 3 = 0.80, and significance level o = 0.05, the required
per-group sample sizes are 628 for 6 = 0.15, 354 for § = 0.20, and 227 for 6 = 0.25. Full Stata
output is reported in Appendix A.

3 Power Analysis: Secondary Confirmatory Test (Trend Across
Rebate Probabilities)

The secondary confirmatory analysis evaluates whether outcomes vary systematically with the
probability that the rebate is realized. This analysis is conducted within the rebate treatments
only, i.e., among participants assigned to treatments 2, 3, 4, and 5. Let p; denote the rebate

probability assigned to participant ¢, coded as

1.00 if treat = 2 (sure rebate),
0.50 if treat = 3,
0.25 if treat =4,
0.10 if treat = 5.

bi

(11)

Within the rebate subsample, the trend specification is:
Y; = a+71p; + X[y + e, (12)

where X; denotes the vector of pre-specified control variables (included in one specification and

omitted in another), and 7 captures the linear association between the rebate probability and the



outcome.

The secondary confirmatory null hypothesis is
Hy:7=0, (13)
tested against a two-sided alternative H4 : 7 # 0 at significance level a = 0.05.

3.1 Power Calculation via an Incremental R? Test

Power for the trend test uses Stata’s power rsquared command, treating the test of Hy : 7 = 0
as a one-degree-of-freedom F'-test for the incremental contribution of the single tested covariate
p; to the coefficient of determination. In this framework, the null hypothesis can be equivalently
expressed as

Hy : R% = R%, (14)

where R% is the R? from the full model including p;, and R%% is the R? from the reduced model
excluding p;. The effect size is specified in terms of the incremental explained variance AR? =
R% — R%,.

We conduct a sensitivity analysis over the grid AR? € {0.01, 0.03, 0.06} with target power
1 — B = 0.80 and significance level @ = 0.05. The resulting sample size requirements are computed
using the noncentral F-distribution underlying the test of a subset of coefficients in a multiple

linear regression model.

3.2 Implementation in Stata and Interpretation of the Reported Sample Size

The trend test is planned in two specifications. In the first specification, the reduced model contains
only a constant (so R%z = 0); in the second specification, the reduced model contains the constant
and the full set of pre-specified controls, with R% fixed at the estimate R% = 0.0922 from a previous
experiment and with 32 reduced-model parameters (intercept plus 31 controls). These calculations

are implemented in Stata as follows:

* Trend test, treatments only (rebate arms): reduced model constant-only
power rsquared O, ntested(1l) ncontrol(l) diff(0.01 0.03 0.06) ///
power (0.8) alpha(0.05) parallel

* Trend test with 31 controls (rebate arms): reduced model includes controls
power rsquared ‘r2_ctrl’, ntested(l) ncontrol(32) diff(0.01 0.03 0.06) ///
power (0.8) alpha(0.05) parallel

where ntested(1) specifies that the trend coefficient 7 (associated with the single regressor p;) is
the only tested covariate.
Because the trend regression is estimated on the rebate arms only, the sample size Nyepate

reported by power rsquared should be interpreted as the required number of observations in the



rebate subsample. Under the planned allocation of subjects across all treatment arms, let syepate
denote the share of the total sample assigned to the rebate arms (treatments 2, 3, 4, and 5):
Srebate = S2 1+ 83 + 84 + s5. Hence, Syorebate = 1 — Srebate-

The implied total sample size required to achieve Nygpate Observations within the rebate sub-
sample is therefore

(15)

N,
J\Qotalzz {rebansw

Srebate

where [-] denotes the ceiling operator.

3.2.1 Stata output

. * Trend test, treatments only (rebate arms): reduced model constant-only
. power rsquared O, ntested(1l) ncontrol(1l) diff(0.01 0.03 0.06) ///
> power (0.8) alpha(0.05) parallel

Performing iteratiom ...
Estimated sample size for multiple linear regression

F test for R2 testing subset of coefficients
HO: R2_F = R2_R versus Ha: R2_F != R2_R

+- -—- -—- -—- —————— +

alpha power N delta R2_R R2_F R2_diff ntested ncontrol |

|
|
| .05 .8 779  .0101 0 .01 .01 1
|
|

1|

.05 .8 256 .03093 0 .03 .03 1 1|

.05 .8 125 .06383 0 .06 .06 1 1|

et et et et et e L L Dt Ll Lt +

. * Trend test with 31 controls (rebate arms): reduced model includes controls
. power rsquared ‘r2_ctrl’, ntested(1) ncontrol(32) diff(0.01 0.03 0.06) ///
> power(0.8) alpha(0.05) parallel

Performing iteration ...
Estimated sample size for multiple linear regression
F test for R2 testing subset of coefficients

HO: R2_F = R2_.R versus Ha: R2_F != R2_R

+- -—- -—- -—- e +

| alpha  power N delta R2_R R2_F R2_diff ntested ncontrol |

| .05 .8 707 .01114 .0922 .1022 .01 1 32 |
| .05 .8 232 .03418 .0922 L1222 .03 1 32 |
| .05 .8 114 .07077 .0922 .1522 .06 1 32 |
+- -—- -—- -—- —————— +




3.3 Interpretation

The trend test evaluates whether choices vary monotonically with the probability of receiving a
rebate among rebate treatments. In the specification without additional covariates, detecting an
incremental contribution of AR? = 0.01 requires 779 observations in the rebate subsample, while
larger effects of AR? = 0.03 and AR? = 0.06 require 256 and 125 observations, respectively. When
conditioning on the full set of 31 pre-specified control variables, the required rebate-subsample sizes
decrease modestly to 707, 232, and 114 observations for the same effect sizes. All calculations target

80% power at a 5% significance level.
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A Stata Output for Pairwise Power Calculations

Performing iteration ...
Estimated sample sizes for a two-sample means test
t test assuming sdl = sd2 = sd

HO: m2 = m1 versus Ha: m2 != ml

Study parameters:

alpha = 0.0500
power = 0.8000
delta = 0.1500
ml = 1.2500

m2 = 1.4000
diff = 0.1500
sd = 0.9476

Estimated sample sizes:

N
N per group

1,256
628

Performing iteration ...




Estimated sample sizes for a two-sample means test
t test assuming sdl = sd2 = sd

HO: m2 = m1 versus Ha: m2 != ml

Study parameters:

alpha = 0.0500
power = 0.8000
delta = 0.2000
ml = 1.2500

m2 = 1.4500
diff = 0.2000
sd = 0.9476

Estimated sample sizes:

N 708
N per group = 354

Performing iteration ...
Estimated sample sizes for a two-sample means test
t test assuming sdl = sd2 = sd

HO: m2 = m1 versus Ha: m2 != ml

Study parameters:

alpha = 0.0500
power = 0.8000
delta = 0.2500
ml = 1.2500

m2 = 1.5000
diff = 0.2500
sd = 0.9476

Estimated sample sizes:

N
N per group

454
227

10




	Power Analysis: Omnibus Tests of Treatment Effects
	Setup and Notation
	Omnibus Test of Treatment Effects Without Controls
	Stata output

	Omnibus Test of Treatment Effects With Controls
	Stata output

	Interpretation

	Power Analysis: Primary Pairwise Contrast (Sure vs. 10%)
	Hypothesis testing
	Power Calculation

	Power Analysis: Secondary Confirmatory Test (Trend Across Rebate Probabilities)
	Power Calculation via an Incremental R2 Test
	Implementation in Stata and Interpretation of the Reported Sample Size
	Stata output

	Interpretation

	Stata Output for Pairwise Power Calculations

